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TORUS EQUIVARIANT SZEGO˝ KERNEL ASYMPTOTICS ON STRONGLY
PSEUDOCONVEX CR MANIFOLDS
HENDRIK HERRMANN, CHIN-YU HSIAO, AND XIAOSHAN LI
ABSTRACT. Let (X,T 1,0X) be a compact strongly pseudoconvex CR manifold of dimension
2n + 1. Assume that X admits a Torus action T d. In this work, we study the behavior
of torus equivariant Szego˝ kernels and prove that the weighted torus equivariant Szego˝
kernels admit asymptotic expansions.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
Let (X,T 1,0X) be a compact strongly pseudoconvex CR manifold of dimension 2n + 1,
n ≥ 1. Assume that X admits a compact connected Lie group action G. The study of
G-equivariant CR functions and Szego˝ kernel is closely related to some problems in CR,
complex geometry, Mathematical physics and geometric quantization theory. For exam-
ple, for a compact irregular Sasakian manifold X, it was shown in [4] that X admits a
torus action T d and the study of torus-equivariant CR functions and Szego˝ kernel is im-
portant in Sasaki geometry. In this work, we consider a compact strongly pseudoconvex
CR manifold (X,T 1,0X) of dimension 2n + 1 and assume that X admits a torus action
T d = (eiθ1 , . . . , eiθd). We introduce the weighted torus equivariant Szego˝ kernels Sk,τ (x)
and Sk(x) (see(1.7), (1.11)). We show that the weighted Szego˝ kernel Sk,τ (x) admits a
full asymptotic expansion (see Theorem 1.2) and we obtain the asymptotic leading term
of the weighted Szego˝ kernel Sk(x) (see Theorem 1.3).
We now formulate our main results. We refer the reader to Section 2 for some standard
notations and terminology used here. Let (X,T 1,0X) be a compact strongly pseudoconvex
CR manifold of diemension 2n + 1, n ≥ 1. In this work, we assume that X admits a torus
action T d = (eiθ1 , . . . , eiθd). For every j = 1, 2, . . . , d, let Tj ∈ C∞(X,TX) be the real
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vector field on X given by
(Tju)(x) =
∂
∂θj
u((1, . . . , 1, eiθj , 1, . . . , 1) ◦ x)|θj=0, u ∈ C∞(X).
We assume throughout that
Assumption 1.1.
(1.1) [Tj , C
∞(X,T 1,0X)] ⊂ C∞(X,T 1,0X), j = 1, 2, . . . , d,
and there are µj ∈ R, j = 1, . . . , d, such that {µ1, . . . , µd} are linear independent over Q and
(1.2) CTX = T 1,0X ⊕ T 0,1X ⊕ C(µ1T1 + · · ·+ µdTd) on X.
Let T = µ1T1 + · · · + µdTd, where µj ∈ R, j = 1, . . . , d, are as in (1.2). Let ω0 ∈
C∞(X,T ∗X) be the global non-vanishing real 1-form on X such that 〈ω0 , T 〉 = −1 on
X and 〈ω0 , u 〉 = 0, for every u ∈ T 1,0X ⊕ T 0,1X. The Levi form of X at x ∈ X is the
Hermitian quadratic form on T 1,0x X given by
(1.3) Lx(U, V ) = − 1
2i
〈 dω0(x) , U ∧ V 〉, ∀U, V ∈ T 1,0x X.
We assume that the Levi form is positive onX. From now on, we fix a torus invariant Her-
mitian metric 〈 · | · 〉 on CTX such that T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X⊕T 0,1X), 〈T |T 〉 = 1.
For x ∈ X, let detLx = λ1(x) · · · λn(x), where λj(x), j = 1, . . . , n, are the eigenvalues
of the Levi form Lx with respect to 〈 · | · 〉. Let ( · | · ) be the L2 inner product on C∞(X)
induced by 〈 · | · 〉. Let L2(X) be the completion of C∞(X) with respect to ( · | · ) and we
extend ( · | · ) to L2(X) in the standard way and we write ‖·‖ to denote the corresponding
norm. For (p1, . . . , pd) ∈ Zd, let
C∞p1,...,pd(X) :=
{
u ∈ C∞(X); u((eiθ1 , . . . , eiθd) ◦ x) = eip1θ1+···+ipdθdu(x), ∀x ∈ X
}
and let L2p1,...,pd(X) be the completion of C
∞
p1,...,pd
(X)with respect to ( · | · ). Fix (p1, . . . , pd) ∈
Zd, let
(1.4) H0b,p1,...,pd(X) =
{
u ∈ L2p1,...,pd(X); ∂bu = 0
}
,
where ∂b : C
∞(X) → Ω0,1(X) is the tangential Cauchy-Riemann operator (see (2.4)). Let
Sp1,...,pd : L
2(X) → H0b,p1,...,pd(X)
be the orthogonal projection with respect to ( · | · ) and let Sp1,...,pd(x, y) ∈ D′(X × X)
be the distribution kernel of Sp1,...,pd . From the transversal condition (1.2), it is easy to
see that H0b,p1,...,pd(X) is a finite dimensional subspace of C
∞
p1,...,pd
(X) and Sp1,...,pd(x, y) ∈
C∞(X ×X). Let {f1, . . . , fd} be an orthonormal basis of H0b,p1,...,pd(X). Put
(1.5) Sp1,...,pd(x) := Sp1,...,pd(x, x) =
d∑
j=1
|fj(x)|2 , ∀x ∈ X.
For τ(t) ∈ C∞0 (]0,+∞[) consider the projection
(1.6) Sk,τ : u ∈ L2(X) →
∑
(p1,...,pd)∈Zd
τ
(
µ1p1 + · · ·+ µdpd
k
)
(Sp1,...,pdu)(x),
where µj ∈ R, j = 1, 2, . . . , d, are as in (1.2). Let Sk,τ (x, y) ∈ D′(X × X) be the dis-
tribution kernel of Sk,τ . For every λ ∈ R+, it was shown in Lemma 4.6 in [4] that the
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space ⊕(p1,...,pd)∈Zd,|µ1p1+···+µdpd|≤λH0b,p1,...,pd(X) is finite dimensional. Hence, Sk,τ (x, y) ∈
C∞(X ×X). Then,
(1.7) Sk,τ (x) := Sk,τ (x, x) =
∑
(p1,...,pd)∈Zd
τ
(
µ1p1 + · · ·+ µdpd
k
)
Sp1,...,pd(x).
The first main result of this work is the following
Theorem 1.2. With the notations and assumptions used above, there are aj(x) ∈ C∞(X),
j = 0, 1, 2, . . ., with
(1.8) a0(x) = (2π)
−n−1 |detLx|
∫
(2t)n |τ(t)|2 dt
such that for every N ∈ N and ℓ ∈ N, there is a constant CN,ℓ > 0 independent of k such that
(1.9)
∥∥∥∥∥∥Sk,τ (x)−
N∑
j=0
aj(x)k
n+1−j
∥∥∥∥∥∥
Cℓ(X)
≤ CN,ℓkn−N .
Theorem 1.2 tells us that Sk,τ (x) admits an asymptotic expansion in k:
Sk,τ (x) ∼ kn+1a0(x) + kna1(x) + · · · .
Without the cut-off function τ , it is difficult to get a full asymptotic expansion but we
can get leading term of the Szego˝ kernel. Consider the projection
(1.10) Sk : u ∈ L2(X) →
∑
(p1,...,pd)∈Zd,0≤µ1p1+···+µdpd≤k
(Sp1,...,pdu)(x),
where µj ∈ R, j = 1, 2, . . . , d, are as in (1.2). Let Sk(x, y) ∈ C∞(X×X) be the distribution
kernel of Sk. Then,
(1.11) Sk(x) := Sk(x, x) =
∑
(p1,...,pd)∈Zd,0≤µ1p1+···+µdpd≤k
Sp1,...,pd(x).
The second main result of this work is the following
Theorem 1.3. With the notations and assumptions used above, we have
(1.12) lim
k→+∞
k−n−1Sk(x) =
1
2
π−n−1
1
n+ 1
|detLx| at every x ∈ X.
2. PRELIMINARIES
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N0 =
N ∪ {0}, R is the set of real numbers,
R+ := {x ∈ R; x > 0} , R+ := {x ∈ R; x ≥ 0} .
For a multiindex α = (α1, . . . , αm) ∈ Nm0 we set |α| = α1+· · ·+αm. For x = (x1, . . . , xm) ∈
Rm we write
xα = xα11 . . . x
αm
m , ∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1
. . . ∂αmxm =
∂|α|
∂xα
,
Dxj =
1
i
∂xj , D
α
x = D
α1
x1
. . . Dαmxm , Dx =
1
i
∂x .
Let z = (z1, . . . , zm), zj = x2j−1 + ix2j , j = 1, . . . ,m, be coordinates of Cm, where
x = (x1, . . . , x2m) ∈ R2m are coordinates in R2m. Throughout the paper we also use
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the notation w = (w1, . . . , wm) ∈ Cm, wj = y2j−1 + iy2j , j = 1, . . . ,m, where y =
(y1, . . . , y2m) ∈ R2m. We write
zα = zα11 . . . z
αm
m , z
α = zα11 . . . z
αm
m ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1
. . . ∂αmzm =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αmzm =
∂|α|
∂zα
.
Let X be a C∞ orientable paracompact manifold. We let TX and T ∗X denote the
tangent bundle ofX and the cotangent bundle ofX respectively. The complexified tangent
bundle of X and the complexified cotangent bundle of X will be denoted by CTX and
CT ∗X respectively. We write 〈 · , · 〉 to denote the pointwise duality between TX and T ∗X.
We extend 〈 · , · 〉 bilinearly to CTX × CT ∗X.
Let E be a C∞ vector bundle over X. The fiber of E at x ∈ X will be denoted by Ex.
Let F be another vector bundle over X. We write F ⊠E∗ to denote the vector bundle over
X ×X with fiber over (x, y) ∈ X ×X consisting of the linear maps from Ey to Fx.
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution
sections of E over Y will be denoted by C∞(Y,E) and D ′(Y,E) respectively. Let E ′(Y,E)
be the subspace of D ′(Y,E) whose elements have compact support in Y . For m ∈ R, let
Hm(Y,E) denote the Sobolev space of order m of sections of E over Y . Put
Hmloc (Y,E) =
{
u ∈ D ′(Y,E); ϕu ∈ Hm(Y,E), ∀ϕ ∈ C∞0 (Y )
}
,
Hmcomp (Y,E) = H
m
loc(Y,E) ∩ E ′(Y,E) .
We recall the definition of the semi-classical symbol spaces:
Definition 2.1. LetW be an open set in RN . Let
S0loc (1;W )
:=
{
(a(·, k))k∈R; ∀α ∈ NN0 ,∀χ ∈ C∞0 (W ) : sup
k∈R,k≥1
sup
x∈W
|∂α(χa(x, k))| <∞
}
.
For m ∈ R let
Smloc(1) := S
m
loc(1;W ) =
{
(a(·, k))k∈R; (k−ma(·, k)) ∈ S0loc (1;W )
}
.
Hence a(·, k) ∈ Smloc(1;W ) if for every α ∈ NN0 and χ ∈ C∞0 (W ), there exists Cα > 0
independent of k, such that |∂α(χa(·, k))| ≤ Cαkm onW , for every k ∈ R.
Consider a sequence aj ∈ Smjloc (1), j ∈ N0, where mj ց −∞, and let a ∈ Sm0loc (1). We say
that
a(·, k) ∼
∞∑
j=0
aj(·, k) in Sm0loc (1),
if for every ℓ ∈ N0 we have a −
∑ℓ
j=0 aj ∈ Smℓ+1loc (1). For a given sequence aj as above, we
can always find such an asymptotic sum a, which is unique up to an element in S−∞loc (1) =
S−∞loc (1;W ) := ∩mSmloc (1).
We say that a(·, k) ∈ Smloc (1) is a classical symbol on W of orderm if
(2.1) a(·, k) ∼
∞∑
j=0
km−jaj in Smloc (1), aj(x) ∈ S0loc (1), j = 0, 1 . . . .
The set of all classical symbols on W of orderm is denoted by Smloc ,cl (1) = S
m
loc ,cl (1;W ).
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Let X be a C∞ orientable paracompact manifold. By using partition of unity, we define
Smloc(1) := S
m
loc(1;X), S
−∞
loc (1) = S
−∞
loc (1;X), S
m
loc ,cl (1) = S
m
loc ,cl (1;X) and asymptotic sum
in the symbol space Smloc(1;X) in the standard way.
2.2. CR manifolds with R-action. Let (Xˆ, T 1,0Xˆ) be a compact CR manifold of dimen-
sion 2n + 1, n ≥ 1, where T 1,0Xˆ is a CR structure of Xˆ. That is T 1,0Xˆ is a subbundle of
rank n of the complexified tangent bundle CTXˆ, satisfying T 1,0Xˆ ∩ T 0,1Xˆ = {0}, where
T 0,1Xˆ = T 1,0Xˆ , and [V,V] ⊂ V, where V = C∞(Xˆ, T 1,0Xˆ). In this section, we assume
that Xˆ admits a R-action η, η ∈ R: η : Xˆ → Xˆ , x 7→ η ◦ x. Let T ∈ C∞(Xˆ, T Xˆ) be the
global real vector field induced by the R-action given by
(2.2) (Tu)(x) =
∂
∂η
(u(η ◦ x)) |η=0, u ∈ C∞(Xˆ).
Definition 2.2. We say that the R-action η is CR if
[T,C∞(Xˆ, T 1,0Xˆ)] ⊂ C∞(Xˆ, T 1,0Xˆ)
and the R-action is transversal if for each x ∈ Xˆ, CT (x)⊕ T 1,0x Xˆ ⊕ T 0,1x Xˆ = CTxXˆ .
Assume that (Xˆ, T 1,0Xˆ) is a compact CR manifold of dimension 2n + 1, n ≥ 1, with a
transversal CR R-action η and we let T be the global vector field induced by the R-action.
Let ω0 ∈ C∞(Xˆ, T ∗Xˆ) be the global real one form determined by
〈ω0 , u 〉 = 0, ∀u ∈ T 1,0Xˆ ⊕ T 0,1Xˆ,
〈ω0 , T 〉 = −1.
(2.3)
As (1.3), we have
Definition 2.3. For p ∈ Xˆ , the Levi form Lp is the Hermitian quadratic form on T 1,0p Xˆ given
by Lp(U, V ) = − 12i〈 dω0(p) , U ∧ V 〉, U, V ∈ T 1,0p Xˆ.
Denote by T ∗1,0Xˆ and T ∗0,1Xˆ the dual bundles of T 1,0Xˆ and T 0,1Xˆ respectively. Define
the vector bundle of (0, q) forms by T ∗0,qXˆ = Λq(T ∗0,1Xˆ). Let D ⊂ Xˆ be an open set.
Let Ω0,q(D) denote the space of smooth sections of T ∗0,qXˆ over D and let Ω0,q0 (D) be the
subspace of Ω0,q(D) whose elements have compact support in D. Similarly, if E is a vector
bundle over D, then we let Ω0,q(D,E) denote the space of smooth sections of T ∗0,qXˆ ⊗E
over D and let Ω0,q0 (D,E) be the subspace of Ω
0,q(D,E) whose elements have compact
support in D. In this section, we assume that
Assumption 2.4. Xˆ admits aR-invariant Hermitian metric 〈 · | · 〉 onCTXˆ such that T 1,0Xˆ ⊥
T 0,1Xˆ, T ⊥ (T 1,0Xˆ ⊕ T 0,1Xˆ), 〈T |T 〉 = 1.
The R-invariant Hermitian metric 〈 · | · 〉 induces by duality a R-invariant Hermitian met-
ric 〈 · | · 〉 on ⊕2n+1j=1 Λj
(
CT ∗Xˆ
)
. Let
τ0,1 : CT ∗Xˆ → T ∗0,1Xˆ
be the orthogonal projection with respect to 〈 · | · 〉. The tangential Cauchy Riemann oper-
ator is given by
(2.4) ∂b := τ
0,1 ◦ d : C∞(Xˆ)→ Ω0,1(Xˆ).
In the rest of this section, we will review the Szego˝ kernel asymptotic expansion estab-
lished in [4]. We need to introduce more definitions and notations.
Definition 2.5. Let D ⊂ U be an open set. We say that a function u ∈ C∞(D) is rigid if
Tu = 0. We say that a function u ∈ C∞(Xˆ) is Cauchy-Riemann (CR for short) (on D) if
∂bu = 0. We say that u ∈ C∞(D) is rigid CR (on D) if ∂bu = 0 and Tu = 0.
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Definition 2.6. Let F be a complex vector bundle over Xˆ. We say that F is rigid (resp. CR,
resp. rigid CR) if there exists an open cover (Uj)j of Xˆ and trivializing frames
{
f1j , f
2
j , . . . , f
r
j
}
on Uj , such that the corresponding transition matrices are rigid (resp. CR, resp. rigid CR).
Let F be a rigid (CR) vector bundle over X. In this work, we fix open cover (Uj)
N
j=1
of X and a family
{
f1j , f
2
j , . . . , f
r
j
}N
j=1
of trivializing frames
{
f1j , f
2
j , . . . , f
r
j
}
on each Uj
such that the entries of the transition matrices between different frames
{
f1j , f
2
j , . . . , f
r
j
}
are rigid (CR). For any local trivializing frames
{
f1, . . . , f r
}
of F on an open set D, we
say that
{
f1, . . . , f r
}
is a rigid (CR) frame if the entries of the transition matrices between{
f1, . . . , f r
}
and
{
f1j , . . . , f
r
j
}
are rigid (CR), for every j, and we call D local rigid (CR)
trivialization. By using the fix trivializing frames
{
f1j , . . . , f
r
j
}N
j=1
, we define the operator
T on C∞(Xˆ, F ) in the standard way.
Definition 2.7. Let F be a rigid vector bundle over Xˆ. Let 〈 · | · 〉F be a Hermitian metric on
F . We say that 〈 · | · 〉F is a rigid Hermitian metric if for every local rigid frame f1, . . . , fr of
F , we have T 〈 fj | fk 〉F = 0, for every j, k = 1, 2, . . . , r.
We notice that Definition 2.7 above depends on the fix open cover (Uj)
N
j=1 of Xˆ and a
family
{
f1j , f
2
j , . . . , f
r
j
}N
j=1
of trivializing frames
{
f1j , f
2
j , . . . , f
r
j
}
on each Uj such that the
entries of the transition matrices between different frames
{
f1j , f
2
j , . . . , f
r
j
}
are rigid.
In this section, let L be a rigid CR line bundle over Xˆ. We fix an open covering (Uj)
N
j=1
and a family (sj)
N
j=1 of trivializing frames sj on each Uj such that the entries of the transi-
tion functions between different frames sj are rigid CR. Let L
k be the k-th tensor power of
L. Then (s⊗kj )
N
j=1 is a family of trivializing frames s
⊗k
j on each Uj . For any local trivializing
frame f of Lk on an open setD, we say that f is a rigid CR frame if the transition functions
between f and s⊗kj are rigid CR, for every j, and we call D local rigid CR trivialization.
Since Lk is CR, we can consider the tangential Cauchy-Riemann operator as an operator
acting on the sections of Lk:
∂b : C
∞(Xˆ, Lk)→ Ω0,1(Xˆ, Lk).
Since Lk is rigid, by using the fix trivializing frames
{
s⊗kj
}N
j=1
, we define Tu for every
u ∈ C∞(Xˆ, Lk) in the standard way. Let hL be a Hermitian metric on L. The local weight
of hL with respect to a local rigid CR trivializing section s of LL over an open subset
D ⊂ X is the function Φ ∈ C∞(D,R) for which
(2.5) |s(x)|2hL = e−2Φ(x), x ∈ D.
We denote by Φj the weight of h
L with respect to sj.
Definition 2.8. The curvature of (L, hL) is the the Hermitian quadratic form RL = R(L,h
L)
on T 1,0Xˆ defined by
(2.6) RLp (U, V ) =
〈
d(∂bΦj − ∂bΦj)(p), U ∧ V
〉
, U, V ∈ T 1,0p Xˆ, p ∈ Uj .
Due to [2, Proposition 4.2], RL is a well-defined global Hermitian form, since the tran-
sition functions between different frames sj are annihilated by T .
From now on, we fix a rigid Hermitian metric hL on L. The Hermitian metric on Lk
induced by hL is denoted by hL
k
. We denote by dv
Xˆ
the volume form induced by 〈 · | · 〉.
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Let ( · | · )k be the L2 inner product on C∞(Xˆ, Lk) induced by hLk and dvXˆ . Let L2(Xˆ, Lk)
be the completion of C∞(Xˆ, Lk) with respect to ( · | · )k . We extend ( · | · )k to L2(Xˆ, Lk)
in the standard way and we write ‖·‖k to denote the corresponding norm. Consider the
operator
−iT : C∞(Xˆ, Lk)→ C∞(Xˆ, Lk)
and we extend −iT to the L2 space by
− iT : Dom (−iT ) ⊂ L2(Xˆ, Lk)→ L2(Xˆ, Lk),
Dom(−iT ) =
{
u ∈ L2(Xˆ, Lk); −iTu ∈ L2(Xˆ, Lk)
}
.
It is easy to see that −iT is self-adjoint with respect to ( · | · )k . Let Spec (−iT ) denote the
spectrum of −iT . We make the following assumptions
Assumption 2.9. Spec (−iT ) is countable and every element in Spec (−iT ) is an eigenvalue
of −iT .
Assumption 2.10. There is a non-empty open interval I ⊂ R such that
(2.7) RLx + 2sLx is positive definite at every point x ∈ Xˆ, for every s ∈ I.
Fix α ∈ Spec (−iT ). Put C∞α (Xˆ, Lk) :=
{
u ∈ C∞(X,Lk); −iTu = αu} and let
(2.8) H0b,α(Xˆ, L
k) :=
{
u ∈ C∞α (Xˆ, Lk); ∂bu = 0
}
.
It is easy to see that
(2.9) dimH0b,α(Xˆ, L
k) <∞.
Let {f1, . . . , fdk} be an orthonormal basis for H0b,α(Xˆ, Lk) with respect to ( · | · )k . Put
(2.10) Sˆk,α(x) :=
dk∑
j=1
|fj(x)|2hLk ∈ C
∞(Xˆ).
Fix a function
(2.11) τ(t) ∈ C∞0 (I),
where I is the open interval in Assumption 2.10. Define the weighted Fourier-Szego˝ kernel
function by:
(2.12) Sˆk,τ (x) :=
∑
α∈Spec (−iT )
τ
(α
k
)
Sˆk,α(x) ∈ C∞(Xˆ).
By Lemma 4.6 in [4], the sum in (2.12) is a finite sum, hence Sˆk,τ (x) is well-defined as a
smooth function on Xˆ .
We have the following:
Theorem 2.11. With the assumptions and notations above and recall that we work with
Assumption 2.4, Assumption 2.9 and Assumption 2.10. We have
(2.13) Sˆk,τ (x) ∼
∞∑
j=0
aj(x)k
n+1−j in Sn+1loc (1; Xˆ),
where aj(x) ∈ C∞(Xˆ), j = 0, 1, 2, . . ., and
(2.14) a0(x) = (2π)
−n−1
∫ ∣∣det(RLx + 2tLx)∣∣ |τ(t)|2 dt, ∀x ∈ Xˆ.
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For the proof of Theorem 2.11, we refer the reader to Theorem 1.1 in [4]. It should be
mentioned that in [4], we assume thatRL is positive definite on Xˆ but if we go through the
proof of Theorem 1.1 in [4], we only need the positivity condition as in Assumption 2.10.
3. ASYMPTOTIC UPPER BOUND FOR THE SZEGO˝ KERNEL
In this section, we will first establish an asymptotic upper bound for the Szego˝ kernel.
We consider the following general setting. Let (Xˆ, T 1,0Xˆ) be a compact CR manifold of
dimension 2n + 1, n ≥ 1, with a transversal CR R-action η and we let T be the global
vector field induced by the R-action. Let ω0 ∈ C∞(Xˆ, T ∗Xˆ) be the global real one form
determined by (2.3). Let (L, hL) be a rigid CR line bundle over Xˆ and let (Lk, hL
k
) be
the k-th power of (L, hL), where hL denotes the given rigid Hermitian fiber metric on L.
We will use the same notations as in Section 2.2 and assume that Assumption 2.4 and
Assumption 2.9 hold. Note that we don’t assume that Assumption 2.10 holds. For k ∈ N,
put
(3.1) Sˆk(x) :=
∑
α∈Spec (−iT ),0≤α≤k
Sˆk,α(x) ∈ C∞(Xˆ),
where Sˆk,α(x) is as in (2.10). It was shown in Lemma 4.6 in [4] that for every k ∈ N,
there are only finitely many α ∈ Spec (−iT ) with 0 ≤ α ≤ k such that Sˆk,α(x) is not equal
to the zero function on Xˆ and hence the right hand side of (3.1) is a finite sum. In this
section, we will give an upper bound of the function lim supk→+∞ k−(n+1)Sˆk(x). Consider
the space
H0b,0≤α≤k(Xˆ, L
k) := ⊕α∈Spec (−iT ),0≤α≤kH0b,α(Xˆ, Lk),
whereH0b,α(Xˆ, L
k) is given by (2.8). The following is well-known ( see Lemma 2.1 in [2])
Lemma 3.1. For every x ∈ Xˆ , we have
(3.2) Sˆk(x) = sup
u∈H0
b,0≤α≤k(Xˆ,L
k),‖u‖k=1
|u(x)|2
hL
k .
We first recall the CR scaling technique developed in [2] and [3].
Fix p ∈ Xˆ . There exist local coordinates
(x1, · · · , x2n+1) = (z, θ) = (z1, · · · , zn, θ), zj = x2j−1 + ix2j , j = 1, · · · , n, x2n+1 = θ,
and local rigid CR trivialization section s, |s|2hL = e−2Φ, defined in some small neighbor-
hood D centered at p such that on D one has
T =
∂
∂θ
,
Uj =
∂
∂zj
+ iλjzj
∂
∂θ
+O(|(z, θ)|2), j = 1, · · · , n,
Φ =
n−1∑
j,t=1
µj,tzjzt +O(|z|3),
(3.3)
where Uj(x), j = 1, · · · , n − 1, is an orthnormal basis of T 1,0x Xˆ, for each x ∈ D (see the
discussion in the beginning of Section 2.1 in [3]). Note that λ1, . . . , λn are the eigenvalues
of the Levi form Lx with respect to the given Hermitian metric 〈 · | · 〉. Until further notice,
we work with the local coordinates z = (z, θ) and we identify D with some open set in
R2n+1. Let ( · | · )kΦ be the weighted inner product on the space Ω0,q0 (D) defined as follows:
(3.4) ( f | g )kΦ =
∫
D
〈 f | g 〉e−2kΦ(z)dv
Xˆ
(x),
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where f, g ∈ Ω0,q0 (D) and dvXˆ is the volume form on Xˆ induced by 〈 · | · 〉. We denote by
L2(0,q)(D, kΦ) the completion of Ω
0,q
0 (D)with respect to ( · | · )kΦ and we write L2(D, kΦ) :=
L2(0,0)(D, kΦ). For r > 0, letDr = {(z, θ) ∈ R2n+1; |zj | < r, j = 1, . . . , n, |θ| < r}. Let Fk be
the scaling map Fk(z, θ) = (
z√
k
, θ
k
). From now on, we assume k is sufficiently large such
that Fk(Dlog k) ⋐ D. Let {e1, . . . , en} be an orthonormal basis for T ∗0,1Xˆ which is dual to
U1, . . . , Un. We define the scaled bundle F
∗
kT
∗0,qXˆ on Dlog k to be the bundle whose fiber
at (z, θ) ∈ Dlog k is
(3.5)
F ∗kT
∗0,qXˆ|(z,θ) =
{∑
|J |=q aJe
J
(
z√
k
,
θ
k
)
: aJ ∈ C, |J | = q, J strictly increasing
}
,
where for J = (j1, . . . , jq), e
J := ej1 ∧ · · · ∧ ejq . We take the Hermitian metric 〈 · | · 〉F ∗k on
F ∗kT
∗0,qXˆ so that at each point (z, θ) ∈ Dlog k,
(3.6)
{
eJ
(
z√
k
,
θ
k
)
; |J | = q, J strictly increasing
}
is an orthonormal frame for F ∗kT
∗0,qXˆ on Dlog k. Let F ∗kΩ
0,q(Dr) denote the space of
smooth sections of F ∗kT
∗0,qXˆ over Dr and let F ∗kΩ
0,q
0 (Dr) be the subspace of F
∗
kΩ
0,q(Dr)
whose elements have compact support inDr. Given f ∈ Ω0,q(D)we write f =
∑′
|J |=q fJe
J ,
where the prime means the multiindex in the summation is strictly increasing. We define
the scaled form F ∗k f ∈ F ∗kΩ0,q(Dlog k) by
(3.7) F ∗k f =
∑′
|J |=q fJ
(
z√
k
,
θ
k
)
eJ
(
z√
k
,
θ
k
)
.
For brevity, we denote F ∗k f by f(
z√
k
, θ
k
). Let P be a partial differential operator of order
one on Fk(Dlog k) with C
∞ coefficients. We write P = a(z, θ) ∂
∂θ
+
2n∑
j=1
aj(z, θ)
∂
∂xj
. The
scaled partial differential operator P(k) on Dlog k is given by
(3.8) P(k) =
√
kF ∗k a
∂
∂θ
+
2n∑
j=1
F ∗k aj
∂
∂xj
.
Let f ∈ C∞(Fk(Dlog k)). We can check that
(3.9) P(k)(F
∗
k f) =
1√
k
F ∗k (Pf).
The scaled differential operator ∂b,(k) : C
∞(Dlog k)→ F ∗kΩ0,1(Dlog k) is given by
(3.10) ∂b,(k) =
n∑
j=1
ej
(
z√
k
,
θ
k
)
∧ U j,(k).
From (3.10) and (3.9), ∂b,(k) satisfies that
(3.11) ∂b,(k)F
∗
k f =
1√
k
F ∗k (∂bf).
Let ( · | · )kF ∗kΦ be the inner product on the space F ∗kΩ
0,q
0 (Dlog k) defined as follows:
(3.12) ( f | g )kF ∗
k
Φ =
∫
Dlog k
〈 f | g 〉F ∗
k
e−2kF
∗
kΦ(F ∗km)dv(z)dθ,
where dv
Xˆ
= m(z)dv(z)dθ on D, m(z) ∈ C∞(D), dv(z) = 2ndx1 · · · dx2n. Let
∂
∗
b,(k) : F
∗
kΩ
0,1(Dlog k)→ C∞(Dlog k)
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be the formal adjoint of ∂b,(k) with respect to (·|·)kF ∗kΦ. We define the scaled Kohn Lapla-
cian b,(k) : C
∞(Dlog k)→ C∞(Dlog k) which is given by
(3.13) b,(k) = ∂
∗
b,(k)∂b,(k).
Let U ⊂ Dlog k be an open set . Given a function u ∈ C∞(Dlog k) the Sobolev norm of u of
order s with respect to the weight kF ∗kΦ is given by
(3.14) ‖u‖2kF ∗kΦ,s,U :=
∑
α∈N2n+10 ,|α|≤s
∫
U
|∂αx,θu|2e−2kF
∗
kΦ(F ∗km)dv(z)dθ.
We write ‖u‖2kF ∗kΦ,U := ‖u‖
2
kF ∗kΦ,0,U
. We have the following estimate (see Proposition 2.3
in [3]).
Proposition 3.2. For every r > 0 with D2r ⋐ Dlog k and every s ∈ N, there exists a constant
Cr,s > 0 independent of k and the point p such that for all u ∈ C∞(Dlog k), we have
(3.15)
‖u‖2kF ∗
k
Φ,s+1,Dr ≤ Cr,s

‖u‖2kF ∗
k
Φ,D2r + ‖b,(k)u‖2kF ∗kΦ,s,D2r +
∥∥∥∥∥
(
∂
∂θ
)s+1
u
∥∥∥∥∥
2
kF ∗kΦ,D2r

 .
3.1. The Heisenberg guoup Hn. We pause and introduce some notations. We identify
R2n+1 with the Heisenberg gruop Hn+1 := C
n × R. We also write (z, θ) to denote the
coordinates of Hn+1, z = (z1, · · · , zn), θ ∈ R, zj = x2j−1 + ix2j , j = 1, · · · , n. Take
(3.16)
{
Uj,Hn+1 =
∂
∂zj
+ iλjzj
∂
∂θ
; j = 1, · · · , n
}
be the CR structure on Hn+1. Put Φ0(z) =
n∑
j,t=1
µj,tzjzt ∈ C∞(Hn+1,R). Recall that λj ,
j = 1, . . . , n, µj,t, j, t = 1, . . . , n, are as in (3.3). Let ( · | · )Φ0 be the inner product on
C∞0 (Hn) with respect to the weight function Φ0(z) defined as follows:
(3.17) ( f | g )Φ0 =
∫
Hn+1
〈 f | g 〉e−2Φ0(z)dv(z)dθ
with dv(z) = 2ndx1 · · · dx2n. We denote by ‖ · ‖Φ0 the norm on C∞0 (Hn+1) induced by the
inner product ( · | · )Φ0 . Let L2(Hn+1,Φ0) be the completion of C∞0 (Hn) with respect to the
norm ‖ · ‖Φ0 .
Choose χ(θ) ∈ C∞0 (R) so that χ(θ) = 1 when |θ| < 1 and χ(θ) = 0 when |θ| > 2 and set
χj(θ) = χ(
θ
j
), j ∈ N. For any u(z, θ) ∈ C∞(Hn+1) with ‖u‖Φ0 <∞, set
(3.18) uˆj(z, η) =
∫
R
u(z, θ)χj(θ)e
−iθηdθ ∈ C∞(Hn+1), j = 1, 2, . . . .
From Parseval’s formula, {uˆj(z, η)} is a Cauchy sequence in L2(Hn+1,Φ0). Thus there is
uˆ(z, η) ∈ L2(Hn+1,Φ0) such that uˆj(z, η) → uˆ(z, η) in L2(Hn+1,Φ0). We call uˆ(z, η) the
partial Fourier transform of u(z, θ) with respect to θ. From Parseval’s formula, we can
check that ∫
Hn+1
|uˆ(z, η)|2 e−2Φ0(z)dv(z)dη = 2π
∫
Hn
|u(z, θ)|2 e−2Φ0(z)dv(z)dθ.(3.19)
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Let s ∈ L2(Hn+1,Φ0) be a function such that
∫ |s(z, η)|2 dη < ∞ and ∫ |s(z, η)| dη < ∞
holds for all z ∈ Cn. Then, from Parseval’s formula, we find∫∫
uˆ(z, η)s(z, η) e−2Φ0(z)dηdv(z)
=
∫∫
u(z, θ)
∫
eiθηs(z, η)dηe−2Φ0(z)dθdv(z).
(3.20)
For fixed η ∈ R, put Φη(z) = η
n∑
j=1
λj|zj |2 +
n∑
j,t=1
µj,tzjzt. Let ( · | · )Φη be the inner
product on C∞0 (C
n) defined by
( f | g )Φη =
∫
Cn
f(z)g(z)e−2Φη(z)dv(z) , f, g ∈ C∞0 (Cn) ,
where dv(z) = 2ndx1dx2 · · · dx2n, and let ‖·‖Φη denote the corresponding norm. Let us
denote by L2(Cn,Φη) the completion of C
∞
0 (C
n) with respect to the norm ‖ · ‖Φη . Let
BΦη : L
2(Cn,Φη)→ Ker ∂
be the Bergman projection with respect to ( · | · )Φη and let BΦη(z, w) be the distribution
kernel of B
(q)
Φη
with respect to ( · | · )Φη . We take the Hermitian metric 〈 · | · 〉 on T 1,0Cn the
holomorphic tangent bundle on Cn so that
{
∂
∂zj
; j = 1, . . . , n
}
is an orthonormal basis.
LetMΦη : T
1,0
z C
n → T 1,0z Cn, z ∈ Cn be the linear map defined by
〈MΦηU |V 〉 = 2∂∂Φη(U, V ), U, V ∈ T 1,0z Cn
and put
Rˆ0 = {η ∈ R; MΦη has n positive eigenvalues}.
The following lemma is known (see [5] and [6] ).
Lemma 3.3. If η 6∈ Rˆ0, then BΦη(z, z) = 0 for all z ∈ Cn. If η ∈ Rˆ0, then
(3.21) BΦη(z, z) = e
2Φη(z)(2π)−n|detMΦη | · 1Rˆ0(η).
Put
H0b (Hn+1,Φ0) :=
{
u ∈ L2(Hn+1,Φ0); U j,Hn+1u = 0, ∀j = 1, . . . , n
}
and define
(3.22) H0b,[0,1](Hn+1,Φ0) := {u ∈ H0b (Hn+1,Φ0); uˆ(z, η) = 0 for almost every η 6∈ [0, 1]}.
The following is known (see Theorem 3.1, Lemma 3.5 in [5] and Proposition 2.9 in [3])
Theorem 3.4. Let u ∈ H0
b,[0,1](Hn+1,Φ0)
⋂
C∞(Hn+1). Then, for almost all η ∈ R, uˆ(z, η) ∈
C∞(Cn),
∫
Cn
|uˆ(z, η)|2 e−2Φ0(z)dv(z) <∞,
|uˆ(z, η)|2 ≤ BΦη(z, z)
∫
Cn
|uˆ(w, η)|2e−2Φ0(w)dv(w),
z → ∫
η∈[0,1] uˆ(z, η)dη is a continuous function and
(3.23) u(0, 0) =
1
2π
∫
η∈[0,1]
uˆ(0, η)dη.
Put
SHn+1,[0,1](x) = sup
{
|u(x)|2 ; ‖u‖2Φ0 = 1, u ∈ H0b,[0,1](Hn+1,Φ0)]
⋂
C∞(Hn+1)
}
.
We can now prove the following estimate for the Szego˝ kernel.
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Theorem 3.5. We have
SHn+1,[0,1](0) ≤ (2π)−n−1
∫
η∈[0,1]⋂ Rˆ0
∣∣detMΦη ∣∣ dη.
Proof. By Theorem 3.4 and notice that (see (3.19))∫
η∈[0,1]
|uˆ(w, η)|2e−2Φ0(w)dv(w)dη ≤
∫
|uˆ(w, η)|2e−2Φ0(w)dv(w)dη ≤ 2π,
we have
|u(0, 0)| = 1
2π
∣∣∣∣∣
∫
η∈[0,1]
uˆ(0, η)dη
∣∣∣∣∣
≤ 1
2π
∫
η∈[0,1]
|uˆ(0, η)|(
∫
Cn
|uˆ(w, η)|2e−2Φ0(w)dv(w)) 12
(
∫
Cn
|uˆ(w, η)|2e−2Φ0(w)dv(w)) 12
dη
≤ 1
2π
(∫
η∈[0,1]
|uˆ(0, η)|2∫
Cn
|uˆ(w, η)|2e−2Φ0(w)dv(w)dη
) 1
2
×
(∫
η∈[0,1]
|uˆ(w, η)|2e−2Φ0(w)dv(w)dη
) 1
2
≤ 1√
2π
(∫
η∈[0,1]
BΦη(0, 0)
∫
Cn
|uˆ(w, η)|2e−2Φ0(w)dv(w)∫
Cn
|uˆ(w, η)|2e−2Φ0(w)dv(w) dη
) 1
2
≤ 1√
2π
(∫
η∈[0,1]
BΦη(0, 0)dη
) 1
2
≤ (2π)−n+12
(∫
η∈[0,1]⋂ Rˆ0
∣∣detMΦη ∣∣ dη
) 1
2
.
(3.24)
From (3.24), the theorem follows. 
3.2. Szego˝ kernel asymptotics. .
We now return to our situation. For x ∈ Xˆ, put
(3.25) Rx,0 = {t ∈ R; RLx + 2tLx has n positive eigenvalues}.
The goal of this section, is to prove the following
Theorem 3.6. For every x ∈ Xˆ , we have
(3.26) lim sup
k→+∞
k−(n+1)Sˆk(x) ≤ (2π)−n−1
∫
t∈[0,1]⋂Rx,0
∣∣det(RLx + 2tLx)∣∣ dt.
Fix p ∈ Xˆ. Let (x1, · · · , x2n+1) = (z, θ) = (z1, · · · , zn, θ), zj = x2j−1 + ix2j , j =
1, · · · , n, x2n+1 = θ, and local rigid CR trivialization section s, |s|2hL = e−2Φ, be as in
(3.3) defined in some small neighborhood D. We will use the same notations as in Sec-
tion 3. From (3.2), there exists a sequence ukj ∈ H0b,0≤α≤kj(Xˆ, Lkj), 0 < k1 < k2 < · · · ,
such that ‖ukj‖2kj = 1 and
(3.27) lim
j→∞
k−n−1j |ukj (p)|2
hL
kj
= lim sup
k→∞
k−n−1Sˆk(p).
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Put ukj = u˜kj ⊗ skj , u˜kj ∈ C∞(D). We will always use ukj to denote u˜kj if there is no
misunderstanding. Write
(3.28) ukj =
∑
α∈Spec (−iT ),0≤α≤kj
ukj ,α, Tukj ,α = iαukj ,α
and set
(3.29) u(kj) = k
−n+1
2
j
∑
α∈Spec (−iT ),0≤α≤kj
F ∗kj (ukj ,α).
We can check that
(3.30) ‖u(kj)‖2kjF ∗kjΦ,Dlog kj ≤ ‖ukj‖
2
kj
≤ 1
and
(3.31) ∂b,(kj)u(kj) = 0
hold for all j. By Proposition 3.2 and combining (3.30), (3.31), we deduce that for any
r > 0 with D2r ⋐ Dlog kj and every s ∈ N, there is a constant Cr,s > 0 such that for every
j we have
(3.32) ‖u(kj)‖2kjF ∗kjΦ,s+1,Dr ≤ Cr,s

1 +
∥∥∥∥∥
(
∂
∂θ
)s+1
u(kj)
∥∥∥∥∥
2
kjF
∗
kj
Φ,D2r

 .
Since
∂
∂θ
u(kj) = k
−n+1
2
j
∂
∂θ
∑
α∈Spec (−iT ),0≤α≤kj
F ∗kj (ukj ,α)
= k
−n+1
2
j
∑
α∈Spec (−iT ),0≤α≤kj
(
iα
kj
)
ukj ,α
(
z√
kj
,
θ
kj
)
,
(3.33)
we have
(3.34)
(
∂
∂θ
)s+1
u(kj) = k
−n+1
2
j
∑
α∈Spec (−iT ),0≤α≤kj
(
iα
kj
)s+1
ukj ,α
(
z√
kj
,
θ
kj
)
.
Thus,
∥∥∥∥∥
(
∂
∂θ
)s+1
u(kj)
∥∥∥∥∥
2
kjF
∗
kj
Φ,Dr
≤ kj
∑
α∈Spec (−iT ),0≤α≤kj
∥∥∥∥∥k−
n+1
2
j ukj ,α
(
z√
kj
,
θ
kj
)∥∥∥∥∥
2
kjF
∗
kj
Φ,D2r
.
(3.35)
Since T = ∂
∂θ
on D, for each j, there is a function uˆkj ,α(z) ∈ C∞(D) such that
(3.36) ukj ,α(z, θ) = uˆkj ,α(z)e
iαθ on D.
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For r > 0, put D˜r := {z = (z1, . . . , zn) ∈ Cn; |zj| < r, j = 1, . . . , n}. We have
kj
∑
α∈Spec (−iT ),0≤α≤kj
∥∥∥∥∥k−
n+1
2
j ukj ,α
(
z√
kj
,
θ
kj
)∥∥∥∥∥
2
kjF
∗
kj
Φ,D2r
≤
∑
α∈Spec (−iT ),0≤α≤kj
∫
D2r
k−nj
∣∣∣∣∣uˆkj ,α
(
z√
kj
)∣∣∣∣∣
2
e
−2kjΦ( z√
kj
)
m(
z√
kj
)dv(z)dθ
≤
∑
α∈Spec (−iT ),0≤α≤kj
(4r)
∫
D˜ 2r√
kj
|uˆkj ,α(z)|2e−2kjΦ(z)m(z)dv(z)
≤ 4r
ε
∑
α∈Spec (−iT ),0≤α≤kj
∫
D˜ 2r√
kj
∫
|θ|<ε
|ukj ,α(z, θ)|2e−2kjΦ(z)m(z, θ)dv(z)dθ
≤ 4r
ε
∑
α∈Spec (−iT ),0≤α≤kj
‖ukj ,α‖2kj ≤
4r
ε
‖ukj‖2kj ≤
4r
ε
,
(3.37)
where ε > 0 is a small constant, dv
Xˆ
= m(z)dv(z)dθ,m(z) ∈ C∞(D), dv(z) = 2ndx1 · · · dx2n.
From (3.37) and (3.35), we deduce that
(3.38)
∥∥∥∥∥
(
∂
∂θ
)s+1
u(kj)
∥∥∥∥∥
2
kF ∗
k
Φ,Dr
≤ C˜r,s, ∀j,
where C˜r,s is a constant independent of j. Combining (3.38) with (3.32), there exists a
constant C ′r,s > 0 independent of j such that
(3.39) ‖u(kj)‖2kjF ∗kjΦ,s+1,Dr ≤ C
′
r,s
holds for all j. From (3.39), we can use the same argument as in the proof of Theorem 2.9
in [5] and conclude that there is a subsequence {u(kv1 ), u(kv2 ), . . .} of {u(kj)}, 0 < kv1 <
kv2 < · · · , such that u(kvℓ ) converges uniformly with all derivatives on any compact subset
of Hn+1 to a smooth function u ∈ C∞(Hn+1) as ℓ→∞,
(3.40) lim sup
k→∞
k−n−1Sˆk(p) = |u(0)|2
and
(3.41) ‖u‖Φ0 ≤ 1, ∂b,Hn+1u = 0.
Proof of Theroem 3.6. We are now ready to prove Theorem 3.6. We will use the same
notations as before. We first claim that
(3.42) uˆ(z, η) = 0 for almost every η /∈ [0, 1],
where uˆ(z, η) is the partial Fourier transform of u(z, θ)with respect to θ (see the discussion
after (3.18)). To prove the claim (3.42), we only need to show that for any ϕ(z, η) ∈
C∞0 (C
n × {η ∈ R; η /∈ [0, 1]}), we have
(3.43)
∫
Hn+1
uˆ(z, η)ϕ(z, η)e−2Φ0 (z)dv(z)dη = 0.
We assume Suppϕ ⋐ Dn(r0)× {η ∈ R; η /∈ [0, 1]}. Here, Dn(r0) = {z ∈ Cn; |zj | ≤ r0, j =
1, · · · , n} denotes the polydisc around the origin of common radius r0. Choose χ ∈ C∞0 (R)
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such that χ ≡ 1 when |θ| ≤ 1 and Suppχ ⋐ {θ ∈ R; |θ| < 2}. From (3.20), we have
∫
Hn+1
uˆ(z, η)ϕ(z, η)e−2Φ0(z)dv(z)dη =
∫
Hn+1
u(z, θ)ϕˆ(z, θ)e−2Φ0(z)dv(z)dθ
= lim
r→∞
∫
Hn+1
u(z, θ)ϕˆ(z, θ)e−2Φ0(z)χ
(
θ
r
)
dv(z)dθ,
(3.44)
where ϕˆ(z, θ) :=
∫
R
e−iθηϕ(z, η)dη is the partial Fourier transform of ϕ(z, η) respect to η.
For simplicity, we may assume that u(kj) converges uniformly with all derivatives on any
compact subset of Hn+1 to u as j →∞. As before, on D, for each j, we can write
ukj =
∑
α∈Spec (−iT ),0≤α≤kj
ukj ,α, Tukj ,α = iαukj ,α,
ukj ,α(z, θ) = uˆkj ,α(z)e
iαθ on D, uˆkj ,α(z) ∈ C∞(D), ∀j, ∀α ∈ Spec (−iT ).
When r is fixed, by dominated convergence theorem we find
∫
Hn+1
u(z, θ)ϕˆ(z, θ)e−2Φ0(z)χ
(
θ
r
)
dv(z)dθ
= lim
j→∞
∑
α∈Spec (−iT ),0≤α≤kj
∫
Hn+1
k
−n+1
2
j uˆkj ,α
(
z√
kj
)
e
i α
kj
θ
ϕˆ(z, θ)χ
(
θ
r
)
e−2Φ0(z)dv(z)dθ
= lim
j→∞
∑
α∈Spec (−iT ),0≤α≤kj
∫
Dn(r0)
∫
R
k
−n+1
2
j uˆkj ,α
(
z√
kj
)
e
i α
kj
θ
ϕˆ(z, θ)χ
(
θ
r
)
e−2Φ0(z)dv(z)dθ.
(3.45)
Since Suppϕ(z, η) ⋐ Dn(r0)× {θ ∈ R : η /∈ [0, 1]} and 0 ≤ αkj ≤ 1, we have
∑
α∈Spec (−iT ),0≤α≤kj
∫
Dn(r0)
∫
R
k
−n+1
2
j uˆkj ,α
(
z√
kj
)
e
i α
kj
θ
ϕˆ(z, θ)e−2Φ0(z)dv(z)dθ
= (2π)
∑
α∈Spec (−iT ),0≤α≤kj
∫
Dn(r0)
∫
R
k
−n+1
2
j uˆkj ,α
(
z√
kj
)
ϕ(z,
α
kj
)e−2Φ0(z)dv(z) = 0.
(3.46)
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By (3.46), Ho¨lder inequality and some straightforward calculation, we have
∣∣∣∣∣∣
∑
α∈Spec (−iT ),0≤α≤kj
∫
Dn(r0)
∫
R
k
−n+1
2
j uˆkj ,α
(
z√
kj
)
e
i α
kj
θ
ϕˆ(z, θ)χ
(
θ
r
)
e−2Φ0(z)dv(z)dθ
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∑
α∈Spec (−iT ),0≤α≤kj
∫
Dn(r0)
∫
R
k
−n+1
2
j uˆkj ,α
(
z√
kj
)
e
i α
kj
θ
ϕˆ(z, θ)
(
χ
(
θ
r
)
− 1
)
e−2Φ0(z)dv(z)dθ
∣∣∣∣∣∣
≤
∑
α∈Spec (−iT ),0≤α≤kj
(∫
Dn(r0)
∫
|θ|≥r
k−n−1j |uˆkj ,α
(
z√
kj
)
|2 · |ϕˆ(z, θ)|e−2Φ0(z)dv(z)dθ
) 1
2
×
(∫
Dn(r0)
∫
|θ|≥r
|ϕˆ(z, θ)|e−2Φ0(z)dv(z)dθ
) 1
2
≤ C0
∑
α∈Spec (−iT ),0≤α≤kj
1√
kj
∥∥ukj ,α∥∥
(∫
Dn(r0)
∫
|θ|≥r
|ϕˆ(z, θ)|e−2Φ0(z)dv(z)dθ
) 1
2
≤ C1
∥∥ukj∥∥2kj
∫
Dn(r0)
∫
|θ|≥r
|ϕˆ(z, θ)|e−2Φ0(z)dv(z)dθ,
(3.47)
where C0 > 0, C1 > 0 are constants independent of j. From (3.45) and (3.47), we deduce
∣∣∣∣∣
∫
Hn+1
u(z, θ)ϕˆ(z, θ)e−2Φ0(z)χ(
θ
r
)dv(z)dθ
∣∣∣∣∣ ≤ C2
∫
Dn(r0)
∫
|θ|≥r
|ϕˆ(z, θ)|e−2Φ0(z)dv(z)dθ,
(3.48)
where C2 > 0 is a constant independent of kj. From (3.48), (3.44) and notice that
lim
r→+∞
∫
Dn(r0)
∫
|θ|≥r
|ϕˆ(z, θ)|e−2Φ0(z)dv(z)dθ = 0,
we get (3.43) and the claim (3.42) follows.
From (3.40), (3.41), (3.42) and Theorem 3.5, we find
(3.49) lim sup
k→+∞
k−n−1Sˆk(p) ≤ SHn+1,[0,1](0) ≤ (2π)−n−1
∫
η∈[0,1]⋂ Rˆ0
∣∣detMΦη ∣∣ dη.
It is not difficult to check that∫
η∈[0,1]⋂ Rˆ0
∣∣detMΦη ∣∣ dη =
∫
t∈[0,1]⋂Rp,0
∣∣det(RLp + 2tLp)∣∣ dt.
From this observation and (3.49), the theorem follows. 
4. PROOFS OF THEOREM 1.2 AND THEOREM 1.3
In this section, we will prove Theorem 1.2 and Theorem 1.3. We will use the same
notations and assumptions as in Section 1. Let M be a compact complex manifold of
complex dimension n and let (L, hL) be a holomorphic line bundle over M , where hL
denotes the given Hermitian fiber metric on L. Let RL be the curvature on M induced
by hL. We assume that RL is positive at every point of M . Consider a new CR manifold
Xˆ := M ×X with natural CR structure T 1,0Xˆ := T 1,0M ⊕ T 1,0X, where T 1,0M denotes
the complex structure on M . Then, (Xˆ, T 1,0Xˆ) is a compact CR manifold of dimension
2(2n) + 1. Let T = µ1T1 + · · · + µdTd and ω0 be as in the discussion after (1.2). From
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now on, we consider T as a global non-vanishing vector field on Xˆ and ω0 as a global
non-vanishing one form on Xˆ. It is clear that
CTXˆ := T 1,0Xˆ ⊕ T 0,1Xˆ ⊕ CT on Xˆ.
With the one form ω0, we define the Levi form Lxˆ at xˆ ∈ Xˆ as Definition 2.3. The torus
action T d acting on X lifts to Xˆ in the natural way:
g ◦ (z, x) := (z, g ◦ x), ∀g ∈ T d,
where (z, x) ∈ M × X. Moreover, the global non-vanishing vector field on T induces a
transversal CR R-action η on Xˆ.
Fix a Hermitian metric 〈 · , · 〉 on CTM . The torus invariant Hermitian metric 〈 · | · 〉 on
CTX and the Hermitian metric 〈 · , · 〉 on CTM induce a R-invariant Hermitian metric
〈 · | · 〉 on CTXˆ and Assumption 2.4 holds with such Hermitian metric. From now on, we
fix the R-invariant Hermitian metric 〈 · | · 〉 on CTXˆ induced by the Hermitian metric 〈 · , · 〉
on CTM and the torus invariant Hermitian metric 〈 · | · 〉 on CTX. We consider (L, hL)
as a CR line bundle over Xˆ such that L is trivial on X. It is obvious that L is a rigid CR
line bundle and hL is a rigid Hermitian metric on L. Since L is positive and X is strongly
pseudoconvex, we conclude that
(4.1) RLxˆ + 2sLxˆ is positive definite at every xˆ ∈ Xˆ, for every s ∈]0,+∞[.
The Hermitian metric on Lk induced by hL is denoted by hL
k
. Let ( · | · )k and ( · , · )k
be the L2 inner products on C∞(Xˆ, Lk) and C∞(M,Lk) induced by hLk , 〈 · | · 〉 and hLk ,
〈 · , · 〉 respectively and let ( · | · ) be the L2 inner product on C∞(X) induced by 〈 · | · 〉.
Since the transversal CR R-action η on Xˆ comes from the torus action on Xˆ, we can
repeat the proof of Theorem 4.5 in [4] and conclude that Assumption 2.9 holds and
(4.2) Spec (−iT ) ⊂
{
µ1p1 + · · ·+ µdpd; (p1, . . . , pd) ∈ Zd
}
.
Take τ ∈ C∞0 (]0,+∞[) and let Sˆk,τ (xˆ) ∈ C∞(Xˆ) be as in (2.12). From Theorem 2.11, we
deduce that
Sˆk,τ (xˆ) ∼
∞∑
j=0
aj(xˆ)k
2n+1−j in S2n+1loc (1; Xˆ),
aj(xˆ) ∈ C∞(Xˆ), j = 0, 1, 2, . . . ,
a0(xˆ) = (2π)
−2n−1
∫ ∣∣det(RLxˆ + 2tLxˆ)∣∣ |τ(t)|2 dt, ∀xˆ ∈ Xˆ.
(4.3)
For xˆ = (z, x) ∈ Xˆ = M ×X, it is easy to see that
(4.4) det
(
RLxˆ + 2tLxˆ
)
= (2t)n
(
detRLz
)(
detLx
)
,
where detRLz = v1(z) · · · vn(z), vj(z), j = 1, . . . , n, are the eigenvalues of RLz with respect
to 〈 · , · 〉 and detLx is as in the discussion after (1.3). From (4.3) and (4.4), we have
(4.5) a0(xˆ) = (2π)
−2n−1 ∣∣detRLz ∣∣ |detLx|
∫
(2t)n |τ(t)|2 dt, ∀xˆ = (z, x) ∈ Xˆ = M ×X.
For k ∈ N, let H0(M,Lk) := {u ∈ C∞(M,Lk); ∂u = 0}. Let {g1, . . . , gdk} be an or-
thonormal basis for H0(M,Lk) with respect to ( · , · )k and put
Bk(z) :=
dk∑
j=1
|gj(z)|2hLk .
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Fix (p1, . . . , pd) ∈ Zd. Let H0b,p1,...,pd(X) and Sp1,...,pd(x) ∈ C∞(X) be as in (1.4) and (1.5)
respectively. We need
Lemma 4.1. Fix (p1, . . . , pd) ∈ Zd and let α = p1µ1 + · · ·+ pdµd ∈ Spec (−iT ). We have
H0b,α(Xˆ, L
k) = span
{
g(z)h(x); g(z) ∈ H0(M,Lk), h(x) ∈ H0b,p1,...,pd(X)
}
.
Proof. It is clear that
span
{
g(z)h(x); g(z) ∈ H0(M,Lk), h(x) ∈ H0b,p1,...,pd(X)
}
⊂ H0b,α(Xˆ, Lk).
Let u = u(z, x) ∈ H0b,α(Xˆ, Lk). For every x ∈ X, it is clear that vx(z) : z → u(z, x) is an
element in H0(M,Lk). Hence,
(4.6) u(z, x) = vx(z) =
dk∑
j=1
gj(z)(u(z, x) , gj(z) )k,
where {g1, . . . , gdk} is an orthonormal basis for H0(M,Lk). Now, for each j, we can check
that x → (u(z, x) , gj(z) )k ∈ H0b,p1,...,pd(X). From this observation and (4.6), the lemma
follows. 
Let Sk,τ (x) ∈ C∞(X) be as in (1.7). We have
Theorem 4.2. With the notations and assumptions above, we have
(4.7) Sˆk,τ (xˆ) = Bk(z)Sk,τ (x), ∀xˆ = (z, x) ∈ Xˆ = M ×X.
Proof. Fix (p1, . . . , pd) ∈ Zd. Let {f1, . . . , fd} be an orthonormal basis for H0b,p1,...,pd(X).
From Lemma 4.1, we have
{gjfℓ| j = 1, . . . , dk, ℓ = 1, . . . , d}
is an orthonormal basis for H0b,α(Xˆ), where α = p1µ1 + · · · + pdµd and {g1, . . . , gdk} is an
orthonormal basis for H0(M,Lk). Hence,
(4.8) Sˆk,α(xˆ) = Bk(z)Sp1,...,pd(x), ∀xˆ = (z, x) ∈ Xˆ = M ×X,
where Sˆk,α is as in (2.10). From (4.8), the theorem follows. 
Proof Theorem 1.2. From Bergman kernel asymptotic expansion for positive line bundles
(see [1], [5], [6], [7]), we know that
Bk(z) ∼
n∑
j=0
kn−jbj(z) in Snloc (1;M),
bj(z) ∈ C∞(M), j = 0, 1, 2, . . . ,
b0(z) = (2π)
−n ∣∣detRLz ∣∣ , ∀z ∈M.
(4.9)
Let k0 ∈ N be a large constant so that Bk(z) ≥ ckn on M , for all k ≥ k0, where c > 0 is a
constant. Hence, for k ≥ k0,
1
Bk(z)
∼
n∑
j=0
k−n−jcj(z) in S−nloc (1;M),
cj(z) ∈ C∞(M), j = 0, 1, 2, . . . ,
c0(z) = (2π)
n
∣∣detRLz ∣∣−1 , ∀z ∈M.
(4.10)
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From (4.7), for k ≥ k0, we have
(4.11) Sk,τ (x) =
Sˆk,τ (xˆ)
Bk(z)
, ∀xˆ = (z, x) ∈ Xˆ = M ×X.
From (4.3), (4.5), (4.10) and (4.11), the theorem follows. 
In the rest of this section, we will prove Theorem 1.3. Let Sk(x) ∈ C∞(X) be as in
(1.10). We need
Theorem 4.3. With the notations and assumptions above, we have
lim sup
k→+∞
k−(n+1)Sk(x) ≤ 1
2
π−n−1
1
n+ 1
|detLx| ,
for every x ∈ X.
Proof. Let Sˆk(xˆ) ∈ C∞(Xˆ) be as in (3.1). From (4.7), we have
(4.12) Sˆk(xˆ) = Bk(z)Sk(x), ∀xˆ = (z, x) ∈ Xˆ = M ×X.
By Theorem 3.6, we have
(4.13) lim sup
k→+∞
k−(2n+1)Sˆk(xˆ) ≤ (2π)−2n−1
∫
t∈[0,1]⋂Rxˆ,0
∣∣det(RLxˆ + 2tLxˆ)∣∣ dt,
for every xˆ = (z, x) ∈ Xˆ = M ×X. From (4.12) and (4.9), we conclude that
(4.14) lim sup
k→+∞
k−(2n+1)Sˆk(xˆ) = (2π)−n
∣∣detRLz ∣∣ lim sup
k→+∞
k−(n+1)Sk(x),
for every xˆ = (z, x) ∈ Xˆ = M ×X. From (4.13) and (4.14), we deduce that
(4.15) lim sup
k→+∞
k−(n+1)Sk(x) ≤ (2π)−n−1
( ∣∣detRLz ∣∣)−1
∫
t∈[0,1]⋂Rxˆ,0
∣∣det(RLxˆ + 2tLxˆ)∣∣ dt,
for every xˆ = (z, x) ∈ Xˆ = M ×X. It is easy to check that∫
t∈[0,1]⋂Rxˆ,0
∣∣det(RLxˆ + 2tLxˆ)∣∣ dt = ∣∣detRLz ∣∣ |detLx|
∫ 1
0
(2t)ndt
=
∣∣detRLz ∣∣ |detLx| 2n 1n+ 1 ,
(4.16)
for every xˆ = (z, x) ∈ Xˆ = M ×X. From (4.16) and (4.15), the theorem follows. 
Theorem 4.4. With the notations and assumptions above, we have
lim inf
k→+∞
k−(n+1)Sk(x) ≥ 1
2
π−n−1
1
n+ 1
|detLx| ,
for every x ∈ X.
Proof. Let 12 > δ > 0 be a small constant and let τδ ∈ C∞(]0, 1[), 0 ≤ τδ ≤ 1, τδ = 1 on
[δ, 1 − δ]. From Theorem 1.2, (1.8) and notice that Sk(x) ≥ Sk,τδ(x), for every x ∈ X and
every 12 > δ > 0, we have
lim inf
k→+∞
k−(n+1)Sk(x) ≥ lim inf
k→+∞
k−(n+1)Sk,τδ(x)
≥ (2π)−n−1 |detLx|
∫
(2t)n |τδ(t)|2 dt
≥ (2π)−n−1 |detLx|
∫ 1−δ
δ
(2t)ndt
=
1
2
π−n−1
1
n+ 1
|detLx|
(
(1− δ)n+1 − δn+1
)
,
(4.17)
20 HENDRIK HERRMANN, CHIN-YU HSIAO, AND XIAOSHAN LI
for every x ∈ X and every 12 > δ > 0. Let δ → 0 in (4.17), the theorem follows. 
Proof of Theorem 1.3. From Theorem 4.3 and Theorem 4.4, Theorem 1.3 follows. 
REFERENCES
[1] X. Dai, K. Liu and X. Ma, On the asymptotic expansion of Bergman kernel, J. Differential Geom. 72 (2006),
no. 1, 1–41.
[2] C-Y. Hsiao and G. Marinescu, Szego˝ kernel asymptotics and Morse inequalities on CR manifolds, Math. Z.
271 (2012), 509–553.
[3] C-Y. Hsiao and X. Li, Szego¨ kernel asymptotics and Morse inequalities on CR manifolds with S1 action,
available at preprint arXiv:1502.02365, to appear in the Asian Journal of Mathematics.
[4] H. Herrmann, C.-Y. Hsiao, X. Li, Szego˝ kernels and equivariant embedding theorems for CR manifolds,
available at preprint arXiv:1710.04910.
[5] C-Y. Hsiao and G. Marinescu, Asymptotics of spectral function of lower energy forms and Bergman kernel
of semi-positive and big line bundles, Comm. Anal. Geom. 22 (2014), 1–108.
[6] X. Ma and G. Marinescu, Holomorphic Morse inequalities and Bergman kernels, Progress in Math., vol.
254, Birkha¨user, Basel, 2007, 422 pp.
[7] S. Zelditch, Szego¨ kernels and a theorem of Tian, Internat. Math. Res. Notices., (1998), no. 6, 317–331.
MATHEMATICAL INSTITUTE, UNIVERSITY OF COLOGNE, WEYERTAL 86-90, 50931 COLOGNE, GERMANY
E-mail address: heherrma@math.uni-koeln.de or post@hendrik-herrmann.de
INSTITUTE OF MATHEMATICS, ACADEMIA SINICA AND NATIONAL CENTER FOR THEORETICAL SCIENCES,
ASTRONOMY-MATHEMATICS BUILDING, NO. 1, SEC. 4, ROOSEVELT ROAD, TAIPEI 10617, TAIWAN
E-mail address: chsiao@math.sinica.edu.tw or chinyu.hsiao@gmail.com
SCHOOL OF MATHEMATICS AND STATISTICS, WUHAN UNIVERSITY, WUHAN 430072, HUBEI, CHINA
E-mail address: xiaoshanli@whu.edu.cn
